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Pontryagin’s Maximum Principle has been applied for optimization of secreted proteins
from Pichia pastoris fed-batch fermentation. The objective of this work is to maximize
the total accumulated product per unit operation time under different given conditions
and system constraints. To obtain optimal solutions, an automated curve-fitting
software, Table Curve 2D, was employed to construct the necessary mathematical
models and solve the complicated functions. In the solution processes, the end of the
glycerol batch phase was defined as the initial state of the system, the end of the
methanol fed-batch phase as the final state, the cell mass produced along with product
accumulated as state variables, and the specific growth rate (µ) as the control variable.
Initially, a relationship between the specific production rate (F) and µ was established.
Then, according to Pontryagin’s Maximum Principle, the admissible range of µ and
its trajectories for the optimal operations were determined. Four representative cases
with different combinations of the operation time along with the initial and final states
were evaluated. A close correlation was obtained between the predicted values of the
model equation with the experimental results from the Pichia pastoris fed-batch
fermentations producing secreted R-galactosidase. The approaches proposed here
greatly simplify the computational processes and validate the optimization strategy
as a generalized approach to maximize the yield from fed-batch fermentations.

Introduction
Pichia pastoris has steadily emerged as a highly

successful expression system for the production of re-
combinant proteins. Maximizing production from this
system is of high priority as more and more therapeutic
proteins are being expressed in Pichia pastoris. Produc-
tion of recombinant proteins by P. pastoris fermentation
is typically carried out in a fed-batch mode, resulting in
high cell densities and g‚L-1 levels of product. For
intracellular production, the amount of product formed
(J) depends on the product content in the cells (R) and
the amount of cell mass (XV) at the end of the run, i.e.,
J ) RXV, where X and V are the cell density and broth
volume, respectively, constrained by the fermentor size
and capacities of heat and oxygen transfer. J can be
simply maximized by maximizing R, which in turn
depends on pH, temperature, level and composition of
medium constituents, specific growth rate (µ), and induc-
tion time (t). Studies on such maximization of R (or J)
have been reported in previous studies (1-4). For a
secreted (extracellular) product, J relates to the specific
production rate (F) by the following equation:

where tmf is the induction time. The optimization problem
is to find the optimal feeding strategy that will maximize
J. This is a standard problem in calculus and can be
solved by Pontryagin’s Maximum Principle (5). Two
methods have been reported to formulate the system of
equations to solve this problem. One method reported by
Lim and co-workers (6-8) considered differential mass
balance equations as the system equations and the
substrate feed rate (F) as the control variable in the
system. The solution to the maximization problem, based
on this method, necessitates that the system equations
describe the specific reaction rates of growth (µ), produc-
tion (F) and substrate consumption (ν) as a function of
concentration of the substrates, products, or other items.
Usually such models (system equations) are complicated
and not easily obtainable, thus limiting the application
of this method. The other method was reported by
Yamane et al. (9, 10) in which the specific growth rate
(µ) was chosen as the control variable and the total cell
mass (XV) along with total accumulated product (J) as
the state variables:

where F can be expressed as a function of µ, F ) f(µ).
According to Yamane et al. (9), the Hamiltonian (H) of
the system equations is
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where λ is the adjoint variable. According to Pontryagin’s
Maximum Principle (5), J is maximized when the optimal
trajectory of µ, that minimizes H, is obtained. This is
accomplished by solving equations (4) and (5). By per-
forming fermentations under different µ and measuring
the corresponding F, the model F ) f(µ) is established,
which is a more simplified approach than Lim’s model
(6-8). However, the model F ) f(µ) derived from experi-
mental studies, is typically, a nonlinear function, which
requires solving a complicated polynomial equation.
Shioya and co-workers linearized the model F ) f(µ) and
simplified the solution using a boundary control (bang-
bang control) approach (11-15). However, this limits the
solution to the linear range of the original data. Besides
Pontryagin’s Maximum Principle, Green’s Theorem and
Dynamic Programming methods were applied to solve the
maximization problem (eq 1) (16, 17), but their solutions
were even more complex.

The objective of this communication is to maximize the
production of secreted recombinant proteins from P.
pastoris fermentation. In this regard, an automated
curve-fitting software, Table Curve 2D (SPSS Inc., Chi-
cago, IL), has been employed to solve the maximization
problem (eq 1) regardless of the nonlinearity of the model
F ) f(µ) (9). The solution method presented here simplifies
the maximization strategy for fed-batch fermentations
based on Pontryagin’s Maximum Principle. Pichia pas-
toris expressing R-galactosidase has been chosen as a
model system to examine this approach.

Materials and Methods
Fermentation Methods. Recombinant P. pastoris

(GS115) with a methanol utilization positive (Mut+)
phenotype expressing secreted coffee bean R-galactosi-
dase was used for these studies (18). A 1-L shake flask
with 300 mL buffered minimal glycerol yeast extract
medium (BMGY, containing 1% yeast extract, 2% pep-
tone, 1.34% yeast nitrogen base, 4 × 10-5% biotin, 1%
glycerol, 100 mM potassium phosphate, pH 6.0) was
inoculated with 1 mL of the stock culture. The inoculum
was grown in the shake flask for 20-24 h at 30 °C and
300 rpm to an optical density (at 600 nm) of 10-20. The
entire 300 mL of inoculum was used to inoculate a 5-L
fermentor (Bioflo 3000, New Brunswick Scientific Co.,
Edison, NJ) containing 2 L of basal salts medium (BSM)
and 8.7 mL of PTM1 trace salts. The BSM media
contained (in g‚L-1 deionized water): CaSO4, 0.93; K2-
SO4, 18.2; MgSO4‚7H2O, 14.9; KOH, 4.13; glycerol, 40.0
along with 26.7 mL of 85% H3PO4 per liter of medium.
The PTM1 salts which was filter sterilized contained (in
g‚L-1 deionized water): CuSO4‚5H2O, 6.0; NaI, 0.08;
MnSO4‚H2O, 3.0; Na2MoO4‚2H2O, 0.2; H3BO3, 0.02; CoCl2,
0.5; ZnCl2, 20.0; FeSO4‚7H2O, 65.0; biotin, 0.2 and 5.0
mL H2SO4 per liter of medium. The fermentation was
run in fed-batch mode at 30 °C, and pH was maintained
at 5.0 using undiluted (28%) ammonium hydroxide. The
dissolved oxygen (DO) was maintained above 20% of
saturation by adjusting agitation rate and pure oxygen
supply. When the initial glycerol (40 g‚L-1) in batch phase
was depleted, which is indicated by an abrupt increase
in DO reading, a 63% (w/v) glycerol solution containing
1.2% (v/v) PTM1 salts was fed at a feed rate of 12
mL‚L-1‚h-1 of fermentation broth for 1 h (for experiments
to establish the model F ) f(µ)) or at an exponentially

increasing feed rate until the cells were grown to the
desired density as described later. In both cases, the
growth was limited by the feed rate and no glycerol
accumulation occurred. Thereafter, 4 mL of methanol was
injected into the fermentor, and simultaneously the
glycerol feed rate was programmed to decrease linearly
from 12 mL‚L-1‚h-1 (or from exponential feed) to 0 over
3 h. This 3-h period, considered as a transition phase, is
important for cells to adapt to the methanol as the sole
carbon source (1). Following the transition phase, the
production phase started in which 100% methanol con-
taining 1.2% (v/v) PTM1 was fed under control of a
methanol sensor (MC-168 Methanol Monitor and Con-
troller, PTI Instruments Inc, Kathleen, GA utilizing a
TGS822 alcohol sensor from Figaro USA Inc, Glenview,
IL) to maintain the methanol concentration at 2-4 g‚L-1

in a PID control mode (19) or at a programmed feed rate
based on a desired specific growth rate, µ, using a
feedforward-feedback control system (20). Readings for
the broth volume (V) and total consumed methanol (Q)
were taken at regular intervals. Fermentations were
stopped when the cell density reached 430-480 g‚L-1 wet
cells.

Analytical Procedures. Time-course samples were
withdrawn from the bioreactor at regular intervals,
centrifuged at 2,000 × g for 10 min at 4 °C. The resulting
cell pellet was measured to determine the wet cell weight
(WCW). For measurement of R-galactosidase, the fer-
mentation supernatant obtained after centrifugation was
diluted with 100 mM potassium phosphate buffer, pH 6.5,
and incubated with 2.0 mM p-nitrophenyl-R-D-galacto-
pyranoside at 26 °C. The reaction was stopped by adding
133 mM borate buffer, pH 9.8, and the absorbance was
read at 405 nm against a reagent blank. One unit (U) of
activity is defined as the amount of R-galactosidase that
hydrolyzes 1 µmol of substrate per minute under the
assay conditions. One unit of activity was estimated to
be equivalent to 0.1 mg of pure R-galactosidase (Sigma
product catalog).

Calculation Procedures. Integration of eq 1 gives
XV ) X0V0 eµt, which was used for estimating exponential
growth on methanol. Hence, µ can be obtained from the
slope of the plot ln[(XV)/(X0V0)] vs t (Figure 1).

Assuming that methanol fed-batch phase is at a
constant µ and is at quasi-steady state within a certain
range of cell densities, i.e., F is constant, the following
equation is obtained:

where the supernatant volume was estimated as V ′ )

Figure 1. Calculation of specific rates of fermentation variables
µ, F, and ν for a typical fermentation.

H ) (λµ - F)XV (4)

dλ
dt

) F - λµ (5)

PV ′ ) F∫0

t
XV dt ) F{(XV - X0V0)}/µ (6)
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V(1 - X/1000) assuming the density of cell pellet after
centrifugation was approximately 1 g‚mL-1. Thus, from
eq 6, F is equal to the slope of plot PV ′ vs (XV - X0V0)/µ
(Figure 1). Similarly, ν is equal to the slope of plot Q vs
(XV - X0V0)/µ (Figure 1).

Step 1. Establishment of Model G ) f(µ). As
described earlier, Yamane’s method is based on the model
F ) f(µ). To obtain this model equation, µ should be
controlled. Approaches to on-line estimation of µ from
real-time measurements utilizing macroscopic and el-
emental balances and the extended Kalman filter have
been reported (21, 22). However, the control system based
on such estimation is not straightforward, due to the
complexity of the real-time measurements required as
well as error in the mathematical models employed. Here,
a relationship between µ and the feed rate, F, is pre-
sented to achieve the desired specific growth rate:

Since the amount of recombinant protein produced
during fermentation is much less than the cell mass
obtained, µ/YX/S . F/YP/S. When the methanol concentra-
tion in the fermentor is maintained at 2-4 g‚L-1, using
a methanol sensor, µ would be equal to the maximum
specific growth rate, µmax, and ν will be equal to the
maximum specific methanol consumption rate, νmax (1).
When µ is small, µ/YX/S . m, thus YX/S ≈ µmax/νmax, and
eq 7 is simplified as follows:

To carry out fermentation at a desired µ, the methanol
feeding strategy will be determined by eq 8. Since this
feeding strategy is based on the assumption YX/S ≈ µmax/
νmax, the smaller the desired µ from µm, the further is the
deviation of the observed µ from the desired µ. Neverthe-
less, a series of desired growth rates ranging from 0.1µmax
to µmax was specified and the corresponding observed
values of µ, F, and ν were obtained to establish the model
F ) f(µ). The following equation was used to obtain a
linear relationship between ν and µ:

The optimal profile of µ that will maximize the J (eq
1) can be expressed as a function of t. Combining eqs 7
and 9 and assuming µ/YX/S . F/YP/S, the following
methanol feed equation is obtained, which provides the
trajectory of µ matching the desired optimal profile of µ:

A balance/pump feedforward-feedback control system
(20) was used to control the methanol feed rate as
described by eq 10.

Step 2. Formulation of the Problem. P. pastoris fed-
batch fermentation consists of four consecutive phases:
glycerol batch phase (G), glycerol fed-batch phase (GF),
transition phase (T), and methanol fed-batch phase (MF)
(Figure 2). Length of glycerol batch phase (tg) is the same
if a given amount of inoculum and medium is used. The
length of the transition phase (tt) was fixed by design at
3 h. So, the optimization problem is to find the optimal

profile of specific growth rate on methanol (µ), as well as
the optimal length of glycerol fed-batch phase (tgf) and
methanol fed-batch phase (tmf), to obtain a maximum J/tf
or J (for a given tf), where tf is defined as tf ) tgf + tmf
and J is obtained from eq 1. The problem is to determine
when to start and stop the methanol feed and how to feed
methanol, so that productivity, expressed as J/tf, is
maximized. In the following discussions, Xg and Vg, which
are the cell density and broth volume at the beginning
of glycerol fed-batch phase (Figure 2) was fixed as initial
conditions. Also, the growth rate in the glycerol fed-batch
phase (µg) is fixed and set to a value close to the
maximum or a growth rate that does not exceed the
fermentor’s capacities for heat and oxygen transfer. The
maximum growth rate on glycerol we observed is 0.177
h-1 (3). Here we set µg ) 0.15 h-1 and employ the
following feeding strategy we developed in our previous
work (3):

Step 3. Computational Algorithms for the Solu-
tion. The cells were fed glycerol at µ ) µg for t ) tgf and
then fed methanol at µ ) µc for t ) tmf, µc and Fmax being
obtained from F ) f(µ). Integration of eq 1 results in

Since for maximum J, dJ/dtmf ) 0, tmf obtained from
eq 12 is as follows:

Thus optimal tgf ) tf - tmf, and the optimal tmf is
independent of tf. The final cell mass becomes XfVf ) XgVg
exp[µg(tf - tmf) + µctmf] within the constraints Xf e Xmax
(∼450 g‚L-1) and Vf e Vmax. In case, the given tf e tmf,
then tgf ) 0 and tmf ) tf. If tf and (XfVf)/(XgVg) are fixed,
then tmf ) {ln[(XfVf)/(XgVg)] - µgtf}/(µc - µg). Substituting
the value of tmf into eq 12 and setting d(J/tf)/dtf ) 0, the
optimal tf would result in maximum J/tf within the
constraints, ln[(XfVf)/(XgVg)]/µg e tf e ln[(XfVf)/(XgVg)]/µc.

However, if F ) f(µ) is a nonlinear function and there
is a maximum F at some point of µ, the optimal profile of
µ will satisfy ∂H/∂µ ) 0 (eq 4) as follows:

F ) νXV ) ( µ
YX/S

+ F
YP/S

+ m)X0V0 eµt (7)

F )
X0V0µνm eµt

µm
(8)

ν ) µ
YX/S

+ m (9)

F ) νXV ) ( µ
YX/S

+ m)X0V0 exp(∫0

t
g(t) dt) (10)

Figure 2. Schematic diagram of P. pastoris fed-batch phases:
G, glycerol batch phase; GF, glycerol fed-batch phase; T,
transition phase; MF, methanol fed-batch phase; tg, tgf, tt, and
tmf are the length of the corresponding phases in the same order.
Cell growth and broth volume change in transition phase are
neglected.

Fgly ) (0.503µg + 0.0065)XgVg eµgt (11)

J ) Fm(XgVg eµg(tf-tmf))(eµctmf - 1)/µc (12)

tmf )
ln( µg

µg - µc
)

µc
(13)

λ ) dF/dµ ) f ′(µ) (14)
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Combining eqs 5 and 14,

Integration of eq 15 gives

where µ0 is at t ) 0 and t ) tmf at µ ) µf. Rearrangement
of eq 16 and further simplification gives the optimal
profile for µ:

For a given model F ) f(µ), g(t) will depend on µ0, and
the total induction time (tmf) and µf will depend on each
other. Combining eqs 1, 2, and 15, the following equations
are obtained:

Equations 18 and 19 show that the final cell mass
produced (XfVf) and amount of product formed (J) based
on the optimal path described by eq 15 will only depend
on µ0 and µf when X0V0 is given. To determine µ0, µf, tmf
and tgf in various circumstances, four representative cases
with various possible combinations of constraints have
been set up with cell growth in the induction phase being
methanol-limited rather than methanol-inhibited, i.e., µ
< µmax. In addition, the following system constraints are
imposed: X (e Xmax), V (e Vmax), t is within the ranges
that hold F ) f(µ) true; and Xg, Vg, µg are fixed.

Case 1. tf: fixed; (XfVf)/(XgVg): variable. According to
Pontryagin’s Maximum Principle (5), for Jmax, λ(tmf) ) 0,
or f ′(µf) ) 0 (eq 14), and thus µf ) µc. Depending on the
given value of tf, there are two possible solutions: (1) tgf
) 0, tmf ) tf; (2) tgf * 0, tmf ) tf - tgf. Solution (1): µ0 can
be derived from eq 16 with known tmf and µf. Solution
(2): µ0 ) µs which is obtained from f ′′(µs) ) 0. Thus, tmf
can be solved from eq 16 with known µ0 and µf, and tgf )
tf - tmf. The upper limit of the given value of tf is subject
to the constraint Xf e Xmax, Vf e Vmax.

Case 2. tf: fixed; (XfVf)/(XgVg): fixed. Similar to Case
1, there are two solutions for this case. For solution (1),
tgf ) 0, tmf ) tf, X0V0 ) XgVg, so µ0 and µf can be solved
combining eqs 16 and 18. For solution (2), µ0 ) µs which
is obtained from f ′′(µs) ) 0, tgf ) tf - tmf, and X0V0 ) XgVg
exp(µgtgf). So µf and tmf are solved by combining these
equations with eqs 16 and 18. The upper limit of the
given value of tf is subject to the constraint Xf e Xmax, Vf
e Vmax.

Case 3. tf: variable; (XfVf)/(XgVg): fixed. According to
Pontryagin’s Maximum Principle (5), H(t) ) 0, thus
combining eqs 4 and 14, µf ′(µ) - f(µ) ) 0 (or G(µ) ) 0)
and µ (optimal) ) µe. In this case the optimal profile of µ
is a straight line µ0 ) µf ) µe, and tgf ) 0, hence X0V0 )
XgVg and tmf ) {ln[(XfVf)/(XgVg)]}/µe.

Case 4. tf: variable; (XfVf)/(XgVg): variable. It has been
proved that (XfVf)/(XgVg) ) (XmVm)/(XgVg) for the solution
of this case (9), thus the optimal tf to maximize J/tf can

be obtained from the function J(tf) (response of J to
different tf) that is derived from eq 19 and the solution
of Case 2.

In the following section, it is shown how the computa-
tion processes for the complex functions have been
simplified with automated curve-fitting software, Table
Curve 2D (SPSS Inc., Chicago, IL), using the data from
R-galactosidase fermentation.

Results and Discussion
Models for Methanol Consumption and Recom-

binant Protein Production, G ) f(µ). The following
relationship was obtained between ν and µ from the
fermentation experiments:

where µ e µmax,obs ) 0.0685 h-1, ν e νmax,obs ) 0.0552
g-MeOH‚g-1-WCW‚h-1 using 2-4 g‚L-1 of residual metha-
nol in fermentation medium that had previously been
determined to be of noninhibitory concentration. Substi-
tuting the values of µ and ν from eq 20 to eq 9, YX/S )
1.38 g-WCW‚g-1-MeOH and m ) 0.0038 g-MeOH‚g-1-
WCW‚h-1 were obtained, which were subsequently em-
ployed in eq 10 to obtain the optimal feed equation.

By using the software, Table Curve 2D, the effect of µ
on F (Figure 3) is modeled as follows:

where a ) 5502993.19, b ) -5502933.0, c ) 2749165.37,
d ) -879069.56, and e ) -5502993.66. The analysis of
variance (ANOVA) of this model gives P-value ) 0.00025
and R2 ) 94%, which shows that the confidence level for
the model is almost 100% and 94% of the observed
variation in F is explained by the variation in µ. This
model (Figure 3) shows that a µ of 0.02-0.04 h-1 is more
favorable for the R-galactosidase production than other
µ values. The F tends to decrease apparently when µ is
below 0.02 h-1 or close to the maximum. Since all the
biochemical reactions that occur during protein expres-
sions are associated with cell growth, the imbalances of
energy supply between growth and production could be
one of the reasons for which µ affects F. Further inves-
tigation will be needed to clearly understand the mech-
anisms.

Numerical Solutions to Optimization Problems.
As discussed previously, the objective of the problem is
to obtain the optimal trajectory of µ ) g(t) (eq 17) and
the values of µ0, µf, tgf, tmf based on the given conditions
and constrains imposed by cases 1-4. Using eq 21, plots
of the functions f(µ), f ′(µ), f ′′(µ), and G(µ) (Figure 4) were
generated with Table Curve 2D, so that the parameters
in eq 14-19 could be calculated. Solving for f ′(µc) ) 0, µc
) 0.0273 h-1 is obtained, which is the value of µ for Fm )

dµ
dt

)
f(µ) - µf ′(µ)

f ′′(µ)
)

G(µ)
f ′′(µ)

(15)

t ) ∫µ0

µ f ′′(µ)
G(µ)

dµ (16)

µ ) g(t) (17)

XfVf

X0V0
)

G(µ0)

G(µf)
(18)

J ) X0V0G(µ0)∫µ0

µf f(µ)f ′′(µ)

[G(µ)]2
dµ (19)

Figure 3. Effect of specific growth rate, µ, on specific product
formation rate, F. The curve was plotted on the basis of the
model eq 23.

ν ) 0.725µ + 0.0038 (20)

F ) f(µ) ) a + bµ + cµ2 + dµ3 + e e-µ (21)
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0.0974 mg‚g-1‚h-1. Solving for f ′′(µs) ) 0, µs ) 0.0349 h-1

is obtained. µ ) 0.05 h-1 also makes f ′′(µ) ) 0, but µs is
the one closest to µc and larger than µc. Solving for G(µe)
) 0, µe ) 0.0216 h-1 (if there are multiple µ that satisfy
G(µe) ) 0, µe will be the one closest to µc and smaller than
µc). Thus, the optimal trajectories of µ for all four cases
would fall in the range between µe and µs, i.e., µe e (µ0 to
µf) e µs, which is the most favorable range for optimal
production (Figure 4).

Equation 16 can be rewritten as t ) T(µ) - T(µ0), where
T(µ) is defined by

As µe, µs, f ′′(µ), G(µ) are known (Figure 4), Table Curve
2D was used to obtain the expression for T(µ):

where a ) -38.6, b ) -138.8, c ) 4.04 × 103, d ) 6.91 ×
103, e ) -1.364 × 105, f ) -1.503 × 105, g ) 1.500 ×
106, and h ) 1.330 × 106. Thus, while µ0 and µf are given,
tmf ) T(µf) - T(µ0) can be directly calculated from eq 23.
The response of tmf to µ0 and µf is shown in Figure 5.
Similarly, (XfVf)/(X0V0) can directly calculated from eq 18
and the model for G(µ) is as follows:

The response of (XfVf)/(X0V0) to µ0 and µf is shown in
Figure 6. It can be inferred from Figures 5 and 6 that,
for the optimal path of µ, µ0 > µf and both tmf and (XfVf)/

(X0V0) f ∞ as µf f µe. Now, equating µ0 to µs, and
combining eqs 16, 17, 22, and 23, the polynomial model
for the optimal profile of µ is obtained as follows:

where a ) 3.47 × 10-2, b ) 1.31 × 10-4, c ) 3.24 × 10-6,
d ) -3.25 × 10-7, e ) -2.56 × 10-3 (Figure 7, curve A)
It is evident from Figure 7 that in the interval t ) T(µ)
- T(µ0), for different µ0, the optimal path of µ will have
the same pattern as curve A but will shift by a length of
T(µ0) to left (when µ0 < µs, tgf ) 0) or a shift by a length
of tgf to the right (when µ0 ) µs, tgf > 0) as shown by curves
B and C, respectively (Figure 7). Thus, all possible
optimal paths can be defined. The optimal path becomes
unique after µ0, µf, tgf, tmf, and tf are determined. In the
following section, estimation of the parameters for each
of the four cases will be discussed.

Case 1. Here tf is fixed, while (XfVf)/(XgVg) varies and
as previously shown, µf ) µc ) 0.0273 h-1. When µ0 ) µs
) 0.0349 h-1, tmf ) tA ) 12.7 h (see Figure 7, curve A). If
the given tf e 12.7 h, tg ) 0 and tmf ) tf; however, if the
given tf > 12.7 h, tmf ) 12.7 h, tgf ) tf - tmf, and µ0 ) µs.
To determine the upper limit of tf, the initial conditions
and final capacities of the fermentation systems should
be known. For example, in a 5-L bioreactor, with Xg )
100 g-WCW‚L-1, Vg ) 2 L, Xf ) 450 g-WCW‚L-1 and Vf
) 4 L, (XfVf)/(XgVg) ) 9. Setting µ0 ) µs, µf ) µc, and
substituting the values in eq 18, (XfVf)/(X0V0) ) 1.28, and
then if µg is set to 0.15 h-1, tgf ) {ln[(X0V0)/(XgVg)]}/µg )
12.1 h and the upper limit of tf ) tfmax) 12.1 + 12.7 )
24.8 h (Figure 7, curve C). For 12.7 h e tf e 24.8 h, tmf is
independent of tf, which is similar to the solution of the
boundary control discussed earlier (eq 13).

Figure 4. Plots of f(µ), f ′(µ), f ′′(µ), and G(µ) generated with
the software Table Curve 2D (SPSS Inc.). µe ) 0.0216 h-1, µc )
0.0273 h-1, and µs ) 0.0349 h-1, derived from G(µe) ) 0, f ′(µc)
) 0, and f ′′(µs) ) 0, respectively.

Figure 5. Effect of tmf on µ0 and µf based on tmf ) T(µf) - T(µ0)
and eq 25.

T(µ) ) ∫µs

µ f ′′(µ)
G(µ)

dµ (22)

T(µ) ) a + cµ + eµ2 + gµ3

1 + bµ + dµ2 + fµ3 + hµ4
(23)

G(µ) ) - 849.24µ2 + 58.745µ - 0.8736 (24)

Figure 6. Effect of (XfVf)/(X0V0) on µ0 and µf based on eqs 18
and 26.

Figure 7. Optimal paths of µ based on eq 27. Curve A is the
path with µ0 ) µs; B the path with µ0 < µs, tgf ) 0; C the path
with µ0 ) µs, tgf > 0. Curves A, B, and C (part above µc)
correspond to the optimal path with given tf ) tA, tB, and tC,
respectively.

µ ) g(t) ) a + bt + ct1.5 + dt2 + et0.5 (25)
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Case 2. Here both tf and (XfVf)/(XgVg) are fixed and it
is assumed that tgf > 0, µ0 ) µs ) 0.0349 h-1 and tgf ) tf
- tmf. Since, X0V0 ) XgVg exp(µgtgf), eq 18 becomes

Combining eq 26 and the values tmf ) T(µf) - T(µs) )
T(µf) with the given tf and (XfVf)/(XgVg), the values of µf,
tmf, and tgf can be solved. If tmf > tf (given), tgf ) 0 and
hence, the previous assumption, tgf > 0 is not true. In
this case, tmf ) tf, X0V0 ) XgVg. Combining eq 18 and tmf
) T(µf) - T(µ0) (Figures 5 and 6), µ0 and µf can be solved
with the given tf and (XfVf)/(XgVg). If both µ0 and µf derived
are close to µe, then µ0 ) µf ) µe ) 0.0216 h-1.

Case 3. Here tf is variable while (XfVf)/(XgVg) is fixed
and the optimal path of µ is a straight line, that is, µ0 )
µf ) µe ) 0.0216 h-1, with tgf ) 0, tmf ) tf, and X0V0 )
XgVg. As described earlier, the maximum (XfVf)/(XgVg) )
9 for the bioreactor system used in this study. Hence, tmf
) {ln[(XfVf)/(XgVg)]}/µe ) 101.7 h, and on integration of
eq 3, a maximum production J/(XgVg) ) f(µe)[exp(µetmf)
- 1]/µe ) 32.3 mg‚g-1 is obtained.

Case 4. Here, both tf and (XfVf)/(XgVg) are variable and
(XfVf)/(XgVg) ) (XmaxVmax)/(XgVg) ) 9, so tf has a lower
limit, i.e., tf > {ln[(XmaxVmax)/(XgVg)]}/µg ) 14.6 h. Com-
bining eq 19 and the solution 2 of Case 2 (µ0 ) µs ) 0.0349
h-1, tgf > 0), the value for product formed per unit cell
mass is obtained as follows:

where a ) 2.66 × 102, b ) -0.23, c ) -1.06 × 103, d )
2.04 × 103, e ) -1.15 × 103. For tf > 89 h, solution 1 of
Case 2 (tgf ) 0, tf ) tmf, X0V0 ) XgVg) was employed to
obtain the product formed per unit cell mass as follows:

where a ) 1.05 × 103, b ) 34.92, c ) 0.399, d ) -1.52 ×
10-3. Here, tf ) 95 h is the upper limit of tf that
corresponds to the final condition (XmaxVmax)/(XgVg) ) 9.
From the plots of J/(XgVg) vs tf and J/(XgVg)/tf vs tf, an
optimal tf ) 41.7 h is obtained with corresponding
maximum J/(XgVg)/tf ) 0.465 mg/g/h and J/(XgVg) ) 19.4
mg/g (Figure 8). The other significant values are tmf )
33 h, tgf ) 8.7 h, µf ) 0.0246, and µ0 ) µs ) 0.0349 h-1.
However, if operation time is not critical, the target is
maximum J/(XgVg) ) 31.5 mg‚g-1, which is reached at tf
) 92.6 h (point N, Figure 8) with the corresponding
significant values being X0V0 )XgVg, tgf ) 0, tmf ) 92.6 h,
µf ) 0.0222 h-1, and µ0 ) 0.0276 h-1. This is similar to
the solution of Case 3 (tmf ) 101.7 h, J/(XgVg) ) 32.3
mg‚g-1). However, if a boundary control approach is used
with same initial conditions, then µ0 ) µf ) µc, and
optimal tf ) 40.1 h with maximum J/(XgVg)/tf ) 0.458
mg‚g-1‚h-1 and corresponding J/(XgVg) ) 18.4 mg‚g-1. The
maximum J/(XgVg) ) 28.5 mg‚g-1 is obtained at the upper
limit of tf ) 80.5 h, which shows that solutions are similar
as obtained in the previous case. Table 2 summarizes the
solutions for each case.

For the model F ) f(µ) (eq 21), both derived µs and µe
are close to µc (Figure 4), and hence boundary control,
which is close to the optimal solution and is also simpler

to calculate, can be applied as an approximation of the
optimal solution.

A model equation for profit is

where L is the product market value (dollar‚mg-1), K is
the unit operation cost (dollar‚h-1), and U is all the costs
other than Ktf (dollar). The optimal tf that gives the
maximum P can be solved by equating dP/dtf ) 0.
Assuming that L, U and K are independent of tf, and (i)
if U , Ktf, P ≈ LJ/(Ktf), then the solution is tf ) 41.7 h
as derived in Case 4; (ii) if U . Ktf, P ≈ LJ/U, the solution
is tf ) 92.6 h as derived in Case 4, or tf ) 101.7 h, as
derived in Case 3. Since the objective is to maximize P,
the optimal solution will vary for each case depending
on the values of L, K and U.

Analysis of Experimental Results. The optimal
solutions for different cases depend on the given condi-
tions and system constraints. Regardless of the solution
dissimilarities, the most critical factor is the cell density
at which to switch from growth phase to the production
phase. Experiments were carried out by inducing at
different X0 that were obtained either by varying length
of glycerol fed-batch phase or by varying the glycerol
concentration in the initial batch medium. Fermentations
numbered 1-4 have the same Xg of around 100 g‚L-1

although in fermentations 1 and 2, X0 ≈ 180 g‚L-1 (due
to an extended glycerol fed-batch phase), while in fer-
mentations 3 and 4, X0 ) Xg (no glycerol feed) (Figure 9
and Table 1). The curves p1, p3 and p56 represent
predicted values in Figure 9. Hence, X0 has a significant
impact on the production profile, which indicates the
importance of optimization of X0, and thus tgf and tmf. It
was also observed that the production profiles of fermen-
tations 2 and 4 that employ the boundary control strategy
(µ ) µc) are basically the same as that of Run 1 and 3
(Figure 9), which were conducted following the optimal
path of µ (curve C and A, respectively, Figure 7). Thus,
for R-galactosidase production model F ) f(µ) (eq 21), the
strategy of boundary control can be applied as an
approximation of the solution with optimal profile of µ
(Figure 6). The results show that the growth model (eq

XfVf

XgVg eµg(tf-tmf)
)

G(µs)

G(µf)
(26)

J
XgVg

) a + btf + c
ln tf

+ d
tf

+ e
tf

2
; 14.6 h e tf e 89 h

(27)

J
XgVg

) a + btf + ctf
2 + ctf

3; 89 h e tf e 95 h (28)

Figure 8. Time course of J/(XgVg) and J/(XgVg)/tf based on eqs
27 and 28. Point M shows the optimal tf, giving the maximum
J/(XgVg)/tf, and N shows the maximum J/(XgVg).

Table 1. Parameters for Fermentation Experiments with
Varying Initial Conditions

experiment no.

1 2 3 4 5 6

Xg 98 105 110 96 52 47
X0 181 175 110 96 52 47
V0 2.2 2.2 2 2 2 2

P ) LJ
U + Ktf

(29)
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20) and production model (eq 21) are effective model
equation to predict the system. As far as the productivity
(J/tf) is concerned, fermentation 1 produced the best
result (Figure 9).

It was observed that in fermentation 1 and 2 (Figure
9), about 3500 mg of R-galactosidase was accumulated
at tmf of around 50 h, while in fermentation 3 and 4 about
1300 mg of the same was accumulated at tmf of around
35 h. Perhaps, given an extended time, fermentations 3
and 4 (Figure 9) would have recorded the same yield as
fermentations 1 and 2. For fermentations carried out at
an optimal µ (µe ) 0.0216 h-1), the objective was to
maximize yield, which depends on total operation time,
tf. To prolong tf in fermentations 5 and 6 (Figure 9), the
glycerol concentration in the initial batch medium was
lowered from 40 to 20 g‚L-1, which resulted in a lower
Xg of around 50 g‚L-1. No glycerol fed-batch phase was
conducted and hence, X0 ) Xg. The production profiles of
both fermentations basically match the predicted con-
centration (curve p56), and the accumulated product level
reached the maximum of around 4000 mg at tf ≈ 160 h.
The results demonstrated that the solution of Case 2 has
been obtained. Hence, the stepwise approach to obtain
the solutions to different set of fermentation conditions
based on the objectives of the process and system
constraints is a reliable method to obtain an optimal
fermentation process. It may be concluded that applica-
tion of Pontryagin’s Maximum Principle and use of
automated curve-fitting software, Table Curve 2D or

similar software such as Mathcad, are efficient tools to
conduct can be successfully applied to fed-batch fermen-
tations to obtain solution to optimal process conditions.

Conclusion
Maximization of recombinant secreted protein, R-ga-

lactosidase, production expressed in Pichia pastoris using
a fed-batch fermentation process has been carried out in
this work. The various contributing factors such as the
length of glycerol fed-batch phase, the length of methanol
fed-batch phase and the optimal profile of µ (specific
growth rate) were found to be critical for maximizing
productivity. It was also observed that boundary control
strategy can be applied as an approximation of the
solution with optimal profile of µ. Pontryagin’s Maximum
Principle was found to be an efficient tool to obtain the
optimal solution. The cell density at the beginning of
methanol fed-batch phase was found to have significant
impact on protein production. The predicted values of the
model equations simulated well the experimental results.
Thus the systematic approach to obtain solutions to
various sets of fermentation conditions based on the
objectives of the process and system constraints is a
reliable method to maximize recombinant protein pro-
duction.

Notation
F methanol feed rate (g‚h-1)
Fgly glycerol feed rate (g‚h-1)
f(µ) production model F ) f(µ)
G(µ) function expressed as G(µ) ) f(µ) - µf ′(µ)
g(t) optimal profile of µ as eq 17 (h-1)
H the Hamiltonian as eq 4
J accumulated amount of R-galactosidase (mg)
m maintenance coefficient (g-methanol‚g-1-WCW‚

h-1)
P R-galactosidase concentration in broth superna-

tant (mg‚L-1)
Q total consumed methanol (g)
T(µ) function expressed as eq 22 (h)
t fermentation time (h)
tf total fed-batch time, equal to tgf + tmf (h)
tgf length of glycerol fed-batch phase (h)
tmf length of methanol fed-batch phase (h)
V broth volume (L)
V ′ supernatant volume
V0 broth volume at the beginning of methanol fed-

batch phase (L)
Vf broth volume at the end of methanol fed-batch

phase (L)

Table 2. Summary of Results from Analyzed Casesa

case no. to maximize constraint solution of tgf, tmf, µ0, and µf

I J tf: fixed
(XfVf)/(XgVg): free

if tf e 12.7 h: tgf ) 0; tmf ) tf; µf ) µc; µ0 is derived from eq 23 combined
with tmf ) T(µf) - T(µ0)

if tf > 12.7 h: tmf ) 12.7 h; tgf ) tf - tmf; µf ) µc; µ0 ) µs

2 J tf: fixed
(XfVf)/(XgVg): fixed

if tgf > 0: µ0 ) µs; tmf and µf are derived from eq 26 combined
with tmf ) T(µf); tgf ) tf - tmf

if tgf ) 0: tmf ) tf; µ0 and µf are derived from eq 18 combined
with tmf ) T(µf) - T(µ0)

3 J tf: free
(XfVf)/(XgVg): fixed

tgf ) 0; µ0 ) µf ) µe; tmf ) {ln[(XfVf)/(XgVg)]}/µe

4 J/(XgVg) or
J/(XgVg)/tf

tf: free
(XfVf)/(XgVg): free

for maximizing J/(XgVg): tf ) 92.6 h
for maximizing J/(XgVg)/tf: tf ) 41.7 h; (XfVf)/(XgVg) ) (XmaxVmax)/(XgVg)
with tf and (XfVf)/(XgVg) known, solution of tgf, tmf, µ0, and µf are derived

in the same way as in Case 2
a Values of critical µ: µc ) 0.0273 h-1; µs ) 0.0349 h-1; µe ) 0.0216 h-1; µg ) 0.15 h-1.

Figure 9. Fermentation experiments with different given
conditions. Experiments 1 and 3 followed the optimal path of µ
with µ0 ) µs ) 0.0349 h-1 (curves C and A, respectively, Figure
7). Runs 2 and 4 were performed with desired µ ) µc ) 0.0273
h-1 (the actual obtained µ ) 0.0292 h-1), and runs 5 and 6 with
desired µ ) µe ) 0.0216 h-1 (the actual obtained µ ) 0.018 and
0.0187 h-1, respectively). Line p1, p3, and p56 show the
production prediction of runs 1, 3, 5 and 6, respectively. Vg ) 2
L for all the runs, and Xg, X0, and V0 are shown in Table 1.
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Vg broth volume at the beginning of glycerol fed-
batch phase (L)

Vmax the maximum working volume of fermentor (L)
WCW wet cell weight (g)
X cell density (g-WCW‚L-1)
X0 cell density at the beginning of methanol fed-

batch phase (g-WCW‚L-1)
Xf cell density at the end of methanol fed-batch

phase (g-WCW‚L-1)
Xg cell density at the beginning of glycerol fed-batch

phase (g-WCW‚L-1)
Xmax the maximum cell density to be grown (g-WCW‚

L-1)
YP/S R-galactosidase yield on methanol (mg‚g-1)
YX/S cell yield on methanol (g-WCW‚g-1)
λ the adjoint variable as eq 5
µ specific growth rate on methanol (h-1)
µ0 µ at the beginning of the optimal path µ ) g(t)

(h-1)
µc optimal µ giving Fm (h-1)
µe the µ obtained from G(µ) ) 0 (h-1)
µf µ at the end of the optimal path µ ) g(t) (h-1)
µg specific growth rate on glycerol (h-1)
µmax maximum µ (h-1)
µs the µ obtained from f ′′(µ) ) 0 (h-1)
ν specific methanol consumption rate (g‚g-1-WCW‚

h-1)
νmax maximum ν corresponding to µm (g‚g-1-WCW‚

h-1)
F specific production rate of R-galactosidase (mg‚

g-1-WCW‚h-1)
Fmax maximum F at µc (mg‚g-1-WCW‚h-1)

Acknowledgment
We thank UNL undergraduate students Mike Dux,

Kian Ann Teh and Kok Wah Lim for operating the
fermentations and performing the R-galactosidase analy-
sis and Jacqueline D. Andersen and all other members
of BPDF-UNL for assisting to accomplish the fermenta-
tions. The New York Blood Center provided the Pichia
pastoris strain. This research was financially supported
by the United States Army Medical Research and Ma-
teriel Command (contract DAMD-17-98-C-8034).

References and Notes
(1) Zhang, W.; Bevins, M. A.; Plantz, B. A.; Smith, L. A.;

Meagher, M. M. Modeling Pichia pastoris growth on methanol
and optimizing the production of a recombinant protein, the
heavy-chain fragment C of botulinum neurotoxin, serotype
A. Biotechnol. Bioeng. 2000, 70, 1-8.

(2) Zhang, W.; Inan, M.; Meagher, M. M. Fermentation strate-
gies for recombinant protein expression in the methylotrophic
yeast Pichia pastoris. Biotechnol. Bioprocess Eng. 2000, 5,
275-287.

(3) Zhang, W.; Potter, K. J.; Plantz, B. A.; Schlegel, V. L.; Smith,
L. A.; Meagher, M. M. Pichia pastoris fermentation with
mixed-feeds of glycerol and methanol: growth kinetics and
production improvement. J. Ind. Microbiol. Biotechnol. 2003,
30, 210-215.

(4) Zhang, W.; Inan, M.; Sinha, J.; Meagher, M. M. Rational
design and optimization for Pichia pastoris fed-batch and
continuous fermentation. In Pichia Protocol, 2nd ed.; Cregg,
J., Ed.; Humana Press: Totowa, NJ. In press.

(5) Pontryagin, I. S.; Boltyanskii, V. G.; Gamkrelidze, R. V.;
Mischenko, E. F. The Mathematical Theory of Optimal

Processes, English translation by Trirogoff, K. N.; Wiley-
Interscience: New York, 1962.

(6) Parulekar, S. J.; Lim, H. C. Modeling, optimization and
control of semi-batch bioreactors. In Advances in Biochemical
Engineering/Biotechnology; Fiechter, A., Ed.; Springer: Ber-
lin, 1985; Vol. 32.

(7) Modak, J. M.; Lim, H. C.; Tayeb, Y. J. General character-
istics of optimal feed rate profiles for various fed-batch
fermentation processes. Biotechnol. Bioeng. 1986, 28, 1396-
1407.

(8) Lim, H. C.; Tayeb, Y. J.; Modak, J. M.; Bonte, P. Compu-
tational algorithms for optimal feed rates for a class of fed-
batch fermentation: Numerical results for penicillin and cell
mass production. Biotechnol. Bioeng. 1986, 28, 1408-1420.

(9) Yamane, T.; Kume, T.; Sada, E. A simple optimization
technique for fed-batch culture. J. Ferment. Technol. 1977,
55, 587-598.

(10) Yamane, T.; Shimizu, S. Fed-batch techniques in microbial
processes. In Advances in Biochemical Engineering Biotech-
nology; Fiechter, A., Ed.; Springer: Berlin, 1984; Vol. 30, pp
147-194.

(11) Chim-Anage, P.; Shioya, S.; Suga, K. Maximum histidine
production by fed-batch culture of Brevibacterium flavum. J.
Ferment. Bioeng. 1991, 71, 186-190.

(12) Uchiyama, K.; Ohtani, T.; Morimoto, M.; Shioya, S.; Suga,
K.; Harashima, S.; Oshima, Y. Optimization of rice R-amylase
production using temperature-sensitive mutants of Saccha-
romyces cerevisiae for the PHO regulatory system. Biotechnol.
Prog. 1995, 11, 510-517.

(13) Shimizu, H.; Araki, K.; Shioya, S.; Suga, K. Optimal
production of glutathione by controlling the specific growth
rate of yeast in fed-batch culture. Biotechnol. Bioeng. 1991,
38, 196-205.

(14) Shimizu, H.; Kozaki, Y.; Kodama, H.; Shioya, S. Maximum
production strategy for biodegradable copolymer P(HB-co-HV)
in fed-batch culture of Alcaligenes eutrophus. Biotechnol.
Bioeng. 1999, 62, 518-25.

(15) Shioya, S. Optimization and control in fed-batch bioreac-
tors. In Advances in Biochemical Engineering Biotechnology;
Fiechter, A., Ed.; Springer: Berlin, 1992; Vol. 46, pp 111-
142.

(16) Kobayashi, K.; Kuwae, S.; Ohya, T.; Ohda, T.; Ohyama,
M.; Tomomitsu, K. High level secretion of recombinant human
serum albumin by fed-batch fermentation of the methy-
lotrophic yeast, Pichia pastoris, based on optimal methanol
feeding strategy. J. Biosci. Bioeng. 2000, 90, 280-288.

(17) Ohno, H.; Nakanishi, E. Optimal control of a semibatch
fermentation. Biotechnol. Bioeng. 1976, 18, 847-864.

(18) Zhu, A.; Monahan, C.; Zhang, Z.; Hurst, R.; Leng, L.;
Goldstein, J. High-level expression and purification of coffee
bean alpha-galactosidase produced in the yeast Pichia pas-
toris. Arch. Biochem. Biophys. 1995, 324, 65-70.

(19) Zhang, W.; Smith, L. A.; Plantz, B. A.; Schlegel, V. L.;
Meagher, M. M. Design of methanol feed control in Pichia
pastoris fermentations based upon a growth model. Biotech-
nol. Prog. 2002, 18, 1392-1399.

(20) Sinha, J.; Plantz, B. A.; Zhang, W.; Gouthro, M.; Schlegel,
V. L.; Liu, C.-P.; Meagher, M. M. Improved production of
recombinant ovine interferon-τ by Mut+ strain of Pichia
pastoris using an optimized methanol feed profile. Biotechnol.
Prog. 2003, 19, 794-802.

(21) Shimizu, H.; Takamatsu, T.; Shioya, S.; Suga, K.-I. An
algorithmic approach to constructing the on-line estimation
system for the specific growth rate. Biotechnol. Bioeng. 1989,
33, 354-364.

(22) Stephanopoulos, G.; San, K.-Y. Studies on on-line bio-
reactor identification. I. Theory. Biotechnol. Bioeng. 1984, 26,
1176-1188.

Accepted for publication December 14, 2004.

BP049811N

Biotechnol. Prog., 2005, Vol. 21, No. 2 393


